Abstract. In this article we prove the following version of the Weak-BAB conjecture for 3-folds in char p > 5: Fix a DCC set I ⊆ [0, 1) and an algebraically closed field k of characteristic p > 5. Let D be a collection of klt pairs (X, ∆) satisfying the following properties: (1) X is a projective 3-fold, (2) ∆ is an R-divisor with coefficients in I, (3) K X + ∆ ≡ 0, and (4) −K X is ample. Then the set {vol X (−K X ) | (X, ∆) ∈ D for some ∆} is bounded from above.
Introduction
Given a smooth projective variety X, the minimal model program predicts that X is birational to a variety Y with canonical singularities such that either K Y is ample, or Y admits a fibration whose general fibers are Calabi-Yau varieties or Fano varieties. In other words, one may say that, birationally, every variety is in some sense constructed from varieties X with good singularities such that either K X is ample or K X ≡ 0 or −K X is ample. So it is quite natural to study such special varieties with the hope of obtaining some sort of classification theory. One such classification is finding the moduli space of given class of varieties. In this article we are interested in the moduli problem of Fano varieties i.e., −K X is ample, of dimension 3 in positive characteristic. The first problem in this direction is proving the boundedness of the moduli functor, i.e., finding a fibration f : X → T such that every Fano 3-fold appears as closed fiber of f . However, this turns out to be a too general of a question to be true without some restriction on the singularities of X; counterexamples are known to exists even in characteristic 0. This leads to the following conjecture of Borisov, Alexeev and Borisov, known as the BAB conjecture.
Conjecture 1.1 (BAB Conjecture). Fix a positive integer n and a real number ε > 0. The the set of all projective varieties X satisfying the following properties:
(1) the dimension of X is n, (2) (X, ∆) has ε-log canonical singularities for some boundary R-divisor ∆, (3) −(K X + ∆) is ample, form a bounded family.
Note that a pair (X, ∆) is said to have ε-log canonical singularities if the discrepancies satisfy a(E; X, ∆) ≥ −1+ε for all divisors E over X. A necessary condition that follows from the BAB conjecture is that the volumes of −K X (see Definition 3.1) is bounded from above; this is known as the Weak-BAB conjecture.
Conjecture 1.2 (Weak-BAB Conjecture). Fix a positive integer n and a real number ε > 0. Let D be the set of all log pairs (X, ∆) satisfying the following properties:
(1) X is a projective variety of dimension n, (2) (X, ∆) has ε-log canonical singularities for some boundary R-divisor ∆, and (3) −(K X + ∆) is ample. Then there exists a positive real number M(n, ε) depending only on n and ε > 0 such that the set {vol X (−K X ) | (X, ∆) ∈ D for some ∆} is bounded from above by M(n, ε).
We note that the BAB conjecture (and hence the Weak-BAB conjecture) is known in dimension 2 in arbitrary characteristic due to Alexeev, [Ale94] . In dimension 3 the following partial results on the BAB conjecture were known for a while: The toric Fano 3-fold case by Borisov brothers in [BB92] . In [KMM92] , the authors proved the conejcture for smooth Fano varieties in char 0; Kawamata in [Kaw92] proved the conjecture in char 0 for Q-factorial terminal Fano 3-folds of Picard number ρ(X) = 1. In [KMMT00] , the authors proved the same conjecture for Q-factorial Fano 3-folds with canonical singularities in char 0.
The Weak-BAB conjecture is known in dimension 3 in char 0 when the Picard number ρ(X) = 1, due to [Lai16] , and the general case due to Jiang, [Jia14] . More recently the BAB conjecture in full generality (and hence the Weak-BAB conjecture) is completely proved in char 0 in every dimension in a series of breakthrough papers by Birkar, [Bir16a, Bir16b] . On the other hand, very little is known about either of these two conjectures in positive characteristic in dimension 3 or higher. In this article we prove a special case of the Weak-BAB conjecture for 3-folds in characteristic p > 5. More specifically, using the ideas from [HMX14] we prove the following results: Theorem 1.3. Fix an algebraically closed field k = k of characteristic p > 5 and a DCC set I ⊆ [0, 1). Let D be the set of all klt pairs (X, ∆), where
(1) X is a projective 3-fold, (2) the coefficients of ∆ belong to I, (3) K X + ∆ ≡ 0, and (4) −K X is big, then the set {vol X (−K X ) | (X, ∆) ∈ D for some ∆} is bounded from above.
We note that the theorem above is a positive characteristic (p > 5) analog of Theorem B in [HMX14] in dimension 3.
As a corollary we get the following version of the Weak-BAB conjecture. Corollary 1.4. Fix an algebraically closed field k = k of characteristic p > 5 and a DCC set I ⊆ [0, 1). Let D be the set of all klt pairs (X, ∆), where
(1) X is a projective 3-fold, (2) the coefficients of ∆ belong to I, (3) K X + ∆ ≡ 0, and (4) −K X is ample, then the set
We note that, as far as we know, except [Zhu17] , our result is the only result on the Weak-BAB conjecture for 3-folds in positive characteristic. About the paper [Zhu17] , in this article the author proves a boundedness result for the anti-canonical volumes of Fano 3-folds in char p > 5 under the restrictive assumption that the Seshadri constant of −K X is larger than some fixed number. We note that this kind of restriction is not standard in the context of moduli problems. Seshadri constants typically do not play an important role in the theory of moduli spaces and do not seem to appear naturally in the context of the minimal model program. On the other hand, our hypothesis involving DCC sets is a standard hypothesis which appears quite naturally and frequently in various statements related to the minimal model program and the moduli problem in general, for example, see [HMX14, Corollary 1.7] for a boundedness result of Fano varieties (the BAB conjecture) in characteristic 0 involving DCC sets. In this sense our result is an important first step towards the proof of the boundedness of Fano 3-folds in characteristic p > 5.
Idea of the Proof of Theorem 1.3: The intuitive idea of the proof is the following: Since the coefficients of ∆ are contained in a fixed DCC set I, we can find an ε > 0 depending only on the set I and satisfying the following properties: if (X, ∆) ∈ D and Φ ≥ 0 is an effective R-Cartier divisor on X such that K X +Φ ≡ 0 and Φ is contained in the "ε-neighborhood" of ∆, then (X, Φ) has klt singularities. Now if the vol X (−K X ) is not bounded above as X varies in D, then choose a pair (X, ∆) ∈ D such that vol X (∆) = vol X (−K X ) > n n , where n = dim X. Then we can construct an effective R-divisor Ψ ∼ R ∆ contained in the "ε-neighborhood" of ∆ such that (X, Ψ) is not klt, which is a contradiction.
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Preliminaries
Throughout the article by an arbitrary field k, we mean that the characteristic of k is either 0 or positive and k is possibly imperfect; in particular k is not necessarily algebraically closed.
Definition 2.1. Let k be an arbitrary field. A variety X over k is an integral separated scheme of finite type over k. A curve over k is a variety of dimension 1 over k. A surface over k is a variety of dimension 2 over k Definition 2.2. Let k be an arbitrary field and X a normal variety over k. Let ∆ be an R-divisor on X. We say that ∆ is a boundary divisor if the coefficients of ∆ belong to the closed interval [0, 1]. If ∆ is a boundary divisor, then a pair (X, ∆) is called a log pair if K X + ∆ is R-Cartier. For a log pair (X, ∆), we define terminal, canonical, klt, plt, dlt and log canonical or lc singularities as in [Kol13, Definition 2.8]. We emphasize that in this article whenever we talk about singularities of a pair (X, ∆) we always assume that ∆ is an effective R-divisor.
Remark 2.3. Let C be a normal curve over an arbitrary field k and ∆ is a boundary divisor on C. Then (C, ∆) is log canonical (resp. klt) if and only if the coefficients of ∆ are less than or equal to 1 (resp. strictly less than 1).
Remark 2.4. We note that the Nakai-Moishezon-Klemian criterion for ampleness, Kodaira's lemma for big divisors, etc. hold on projective varieties defined over arbitrary fields. For more details see [Tan18, Remark 2.3 and 2.4].
Definition 2.5. Let C be a normal, i.e., regular curve over an arbitrary field
where k(P i ) is the residue field of the closed point P i ∈ C and [k(P i ) : k] is the extension degree of the fields.
2.1. DCC sets and adjunction.
Definition 2.6. We say that a subset I of real numbers satisfies the descending chain condition or DCC if every for every decreasing sequence {a i } ⊆ I, i.e., a i ≥ a i+1 for all i ≥ 1, there exists a N ≫ 0 such that a i = a i+1 for all i ≥ N; equivalently, I does not contain any infinite strictly decreasing sequence.
Let I ⊆ [0, 1]. We define
The following lemma shows some useful properties of DCC sets.
Lemma 2.7. Let I, I 1 , I 2 , . . . , I n be subsets of R ≥0 .
(1) Any subset of a DCC set is a DCC set. Proof. Part (1) is obvious. For part (2), by contradiction assume that there is a strictly decreasing sequence {t m } contained in ∪ n i=1 I i . Then by going to an infinite subsequence we may assume that all the terms of {t m } are contained in I j for some fixed j satisfying 1 ≤ j ≤ n. This is a contradiction to the DCC property of I j . Part (3) follows from part (1) and (2) by noticing that
, where J i = {ar i : a ∈ I}, and that J i satisfies DCC for all i.
For part (4), by contradiction assume that there is a strictly decreasing sequence {r k } contained in
r kj , where r kj ∈ I j for all k and j. Since {r kj } k≥1 satisfies DCC for all j, by going to subsequences with common indices we may assume that each {r kj } k≥1 is a monotonically increasing sequence for all j. It then follows that r k ≤ r k+1 for all k ≥ 1, which is a contradiction, since r k > r k+1 for all k ≥ 1.
Thus (5) will follow from (4) if we can show that Z ≥0 · I is a DCC set. To that end, by contradiction assume that there is a strictly decreasing sequence {n i r i } in Z ≥0 · I, i.e., (2.1) n 1 r 1 > n 2 r 2 > n 3 r 3 > · · · .
Since {r i } is contained in a DCC set I, by going to an infinite subsequence we may assume that {r i } is a monotonically increasing sequence, i.e., (2.2) r 1 ≤ r 2 ≤ r 3 ≤ · · · Therefore we have r i ≥ r 1 > 0 for all i ≥ 1. From (2.1) we also have that n 1 r 1 ≥ n i r i for all i ≥ 1. Thus we get that n 1 ≥ n i for all i ≥ 1. In particular, {n i } is a bounded sequence of positive integers, hence a finite set. Thus by going to an infinite subsequence of (2.1) we may assume that n i = n i+1 for all i ≥ 1, which gives a contradiction to (2.2). 2.2. Adjunction. In this subsection we collect some results about adjunction to codimension 1 subvarieties.
Proposition 2.8 (Different). Fix a DCC set I ⊆ [0, 1]. Let (X, ∆) be a log pair defined over an arbitrary field k and S a component of ⌊∆⌋. Let S n → S be the normalization morphism. Then there exists a canonically determined effective R-divisor ∆ S n ≥ 0 on S n such that
Moreover, if (X, ∆) is log canonical outside a codimension 3 closed subset and the coefficients of ∆ belong to I, then the coefficients of ∆ S n belong to D(I). More precisely:
′ be a prime Weil divisor on S n and P its image on S. Then there exists m ∈ N ∪ {∞} depending only on X, S and P , there are non-negative integers l i ∈ Z ≥0 depending only on X, S, D i and P such that the coefficient of
Proof. The proof is same as the proofs of Proposition 4.1 and 4.2 in [Bir16c] . We note that the proof in [Bir16c] essentially reduces the problem to a computation on excellent surfaces. Since any scheme of finite type over an arbitrary field is an excellent scheme and the local rings of excellent schemes are again excellent, the same proof works in our case.
Lemma 2.9 (Easy Adjunction). Let X be a normal variety over an arbitrary field k. Let S be a prime Weil divisor and ∆ ≥ 0 an effective R-divisor on X such that S is not contained in the support of ∆ and
Proof. It follows from [Kol13, Lemma 4.8].
Lemmas and Propositions

The volume.
Definition 3.1. Let X be a projective variety of dimension n over an algebraically closed field k. Let D be a R-Cartier divisor. Then the volume of D is defined as
It is know that D is big if and only if vol
In the following lemmas we establish some perturbation techniques for log pairs (X, ∆) using a divisor D such that vol X (D) > n n .
Lemma 3.2. Let X be proper variety of dimension n defined over an algebraically closed field k of arbitrary characteristic. Let M be a big Q-Cartier divisor on X such that vol X (M) > n n and x ∈ X is a smooth closed point. Then for every ε > 0 there exists an effective
Proof. The following proof is based on the proof of [Kol97, Lemma 6.1]. Let t > 0 be a positive integer such that tM is a Cartier divisor. Let m x ⊆ O X be the ideal sheaf of {x} ⊆ X. For a positive integer s > 0 consider the following exact sequence
). Let {x 1 , x 2 . . . , x n } be a local coordinate system around x ∈ X, i.e., it is a k(x)-basis of the vector space m x /m 2 x . Then we have (3.2)
for infinitely many values of t which are sufficiently large and divisible. Thus from (3.2) we see that
for s, t ≫ 0 and satisfying tn > s, where n = dim X. In particular, from (3.1) it follows that h 0 (X, m s x ⊗ O X (tM)) > 0 for s, t ≫ 0 and satisfying tn > s. Choose t ≫ 0 such that the open interval (t(n − ε), tn) contains a positive integer, say s > 0, i.e., t(n − ε) < s < tn, i.e., n − ε < s/t < n. Let D(s, t, x) be the divisor of zeros of a non-zero global section of m
Lemma 3.3. Let X be a normal projective variety of dimension n defined over an algebraically closed field k. Let (X, ∆) be a log pair and D a RCartier divisor such that vol X (D) > n n . Then for every smooth closed point x ∈ X contained in the support of ∆, there exists an effective R-Cartier divisor Π ∼ R D passing through x ∈ X such that (X, ∆ + Π) is not klt at x ∈ X.
Proof of the claim. Let f : Y → X be the blow-up of X at x and E the unique exceptional divisor. Since x ∈ X is a smooth closed point, locally near x we have 
Then by what we have just proved there exists an effective
The following two lemmas (3.4 and 3.5) shows what kind of properties of the total space of a fibration f : X → Y transfer to its generic fiber X η .
Lemma 3.4. [BCZ18, Lemma 2.20] Let f : X → Y be a dominant morphism of finite type between two integral schemes of finite type over a field k of arbitrary characteristic. Let η be the generic point of Y , and X η the generic fiber. Then the following statements hold:
(1) X η is an integral scheme.
In particular, if X is normal (resp. regular, resp. Q-factorial), then X η normal (resp. regular, resp. Q-factorial).
Lemma 3.5. [DW, Corollary 2.2] Let f : X → Y be a dominant morphism between two varieties with X normal. Let η be the generic point of Y and X η the generic fiber. Further assume that (X, ∆) is a pair such that K X + ∆ is R-Cartier. If (X, ∆) has terminal, canonical, klt, plt, dlt or lc singularities, then the pair (X η , ∆| Xη ) has terminal, canonical, klt, plt, dlt or lc singularities, respectively. Lemma 3.6. Let (X, ∆) be a klt pair of dimension 3 and Φ an R-divisor such that the pair (X, Φ) is not-log canonical. Then there exists a λ ∈ (0, 1) such that (X, (1 − λ)∆ + λΦ) is log canonical but not klt.
Proof. Let f : Y → X be a log resolution of (X, ∆ + Φ). Consider the pair (X, (1 − t)∆ + tΦ). Let {E i } be the set of all exceptional divisors of f and also the strict transform of the components of ∆ and Φ. Let a i (t), a i (E i ; X, ∆) and a i (E i ; X, Φ) be the discrepancy of E i with respect to the pairs (X, (1 − t)∆ + tΦ), (X, ∆) and (X, Φ), respectively. Then it is clear that a i (t) = (1 − t)a i (E 1 ; X, ∆) + ta i (E i ; X, ∆). Therefore a i (t) is either a constant polynomial or linear polynomial in t. Note that a i (t) will be a constant polynomial if and only if a i (E; X, ∆) = a i (E; X, Φ). Since (X, ∆) is klt and and (X, Φ) is not log canonical, if follows that there exists at least one i such that a i (t) is a polynomial of degree 1. Moreover, form the same hypothesis it also follows that a i (0) > −1 for all i and a j (1) < −1 for some j. Without loss of generality assume that a i (t) is a polynomial of degree 1 for all i. Then from the graphs of a i (t)'s (which are straight lines) it is clear that that there exists a t = λ ∈ (0, 1) such that a i (λ) ≥ −1 for all i and a j (λ) = −1 for at least one j. In particular, (X, (1 − λ)∆ + λΦ) is log canonical but not klt for some λ ∈ (0, 1).
Lemma 3.7. Let (X, ∆) be a log canonical pair of dimension 2 defined over an algebraically closed field k. Then X is Q-Gorenstein, i.e., K X is Q-Cartier.
Proof. Since (X, ∆) is log canonical, (X, 0) is numerically log canonical (see [KM98, 4 .1] for the definition). Then by [FT12, Proposition 6.3(b)], (X, 0) is log canonical, i.e., K X is Q-Cartier.
Log canonical thresholds
Definition 4.1. Let I and J be two sets such that I ⊆ [0, 1] and J ⊆ R ≥0 . Let T n (I) be the set of all log pairs (X, ∆) of dimension n over some field k such that (X, ∆) is log canonical and the coefficients of ∆ belong to I. Let M be an effective R-Cartier divisor on X. Then we define lct(X, ∆; M) = sup{t ∈ R | (X, ∆ + tM) is log canonical}, and LCT n (I, J) = {lct(X, ∆; M) | (X, ∆) ∈ T n (I) and the coefficients of M belong to J}. This conjecture is known in every dimension n over algebraically closed field of characteristic 0 due to [HMX14] . Over algebraically closed field of characteristic p > 5, it is known in dimension at most 3 due to [Bir16c] .
has dlt singularities, and
Proof. When dim X = 3, it is Theorem 1.6 in [Bir16c] . 
Log canonical thresholds in dimension one
In this section we establish various ACC-type results for curves over arbitrary fields. These results are an important part of our argument in the main technical result, Theorem 7.1 in Section 7.
First we need the following very useful lemma.
Lemma 5.1. [BCZ18, Lemma 3.2] Let C be a regular curve over an arbitrary field k. If deg k K C < 0 and ℓ = H 0 (C, O C ), then C is a conic over ℓ and
Lemma 5.2 (ACC for log canonical thresholds for curves). With the notations as in Definition 4.1, the ACC for log canonical thresholds holds in dimension 1 over arbitrary fields, i.e., if I ⊆ [0, 1] and J ⊆ R ≥0 are two DCC sets then, LCT 1 (I, J) satisfies the ACC.
Remark 5.3. Here we do not fix the base field k, i.e., the base field k may vary as C varies.
Proof. On the contrary assume that it is not true, then there exist a sequence of pairs (C i , ∆ i ) ∈ T 1 (I) and effective R-divisors M i with coefficients in J such that t i = lct(C i , ∆ i ; M i ) is a strictly increasing sequence. Since C i is a regular curve and t i is a log canonical threshold, it follows that one of the points in the support of M i has coefficient 1 in 
(1) C is a regular curve over some arbitrary field k, (2) the coefficients of ∆ belong to I, and (3) K C + ∆ ≡ 0, then the coefficients of ∆ belong to I 0 .
Remark 5.5. Here we do not fix the base-field k, i.e., the base field k may vary as C varies.
Proof. First we note that (C, ∆) is log canonical, since C is a curve and ∆ is a boundary divisor. Now it is enough to show that the coefficients of ∆ belong to an ACC set. If not then assume that there is a strictly increasing sequence of coefficients, say (5.1) a 11 < a 21 < · · · < a i1 < · · · where ∆ i = j a ij x ij and (C i , ∆ i ) is a pair as in the hypothesis.
Suppose that C i is defined over the field k i , and let H 0 (C i , O C i ) = ℓ i . Then ℓ i is a finite extension of k i . From Lemma 5.1 it follows that C i is a conic over ℓ i and deg
where n ij > 0 are positive integers (see Definition 2.5). Then n i1 a i1 + j≥2 n ij a ij = 2. We claim that {n i1 : i ≥ 1} is a bounded set. Indeed, if not then there is an unbounded subsequence {n i k 1 } k≥1 . Since {a i1 } i≥1 is contained in a DCC set, it has a non zero minimum, say min{a i1 : i ≥ 1} = a > 0. Then for k ≫ 0 we have n i k 1 a i k 1 ≥ n i k 1 a > 2, which contradicts equation (5.2).
Claim 5.6. j≥2 n ij a ij i≥1 is a DCC set.
Proof of the Claim. Since {n i1 } is a bounded sequence, from (5.2) it follows that j≥2 n ij a ij is also a bounded sequence. Note that if we can show that the number of prime components of the divisors ∆ i is bounded, then the claim will follow from Lemma 2.7 part (5). To that end let N i be the number of prime components of ∆ i for all i. Let a > 0 be the minimum of the set {a ij : i ≥ 1, j ≥ 2}. Then j≥2 n ij a ij ≥ N i a > 0, since n ij ≥ 1 for all i, j. Now if {N i } is unbounded, then {N i a} is unbounded, which contradicts the boundedness of j≥2 n ij a ij . In particular, the claim follows from Lemma 2.7 part (5) and (1).
Theorem 5.7. Fix a DCC set I ⊆ R ≥0 . Then there exists 0 < ε < 1 with the following properties: if (C, Θ) and (C, Θ ′ ) are two log pairs of dimension 1 defined over some arbitrary field k such that the coefficients of Θ belong to I, and
then (C, Θ) is log canonical if and only if (C, Θ ′ ) is log canonical. Moreover, if (C, Θ
′ ) is log canonical and
Remark 5.8. Here we do not fix the base field k, i.e., the base field k may vary as C varies.
Proof. Let's consider the log canonical thresholds of the pairs (C, 0) with respect to ∆ where the coefficients of ∆ are contained in I. By Lemma 5.2 these log canonical thresholds satisfy the ACC. Then there exist an ε ′ > 0 such that the open interval (1 − ε ′ , 1) does not contain any log canonical threshold. Fix an ε > 0 such that 0 < ε < ε ′ . Let (C, Θ) and (C, Θ ′ ) are two log pairs with coefficients of Θ in I and (1 − ε)Θ ≤ Θ ′ ≤ Θ. Clearly if (C, Θ) is log canonical, the so is (C, Θ ′ ). So assume that (C, Θ ′ ) is log canonical. Then (C, (1 − ε)Θ) is log canonical. Therefore lct((C, 0); Θ) ≥ 1 − ε > 1 − ε ′ . Since the interval (1 − ε ′ , 1) does not contain any log canonical thresholds, lct((C, 0); Θ) ≥ 1; in particular (C, Θ) is log canonical.
For the second part by contradiction assume that the conclusion is false. Then there is a strictly decreasing sequence {ε i > 0} with lim ε i = 0 which satisfies the following properties: For each i ≥ 1, there are log pairs (C i , Θ i ) and (C i , Θ ′ i ) such that the coefficients of Θ i belong to I and (
for all i ≥ 1. Now by going to subsequences with common indices we may assume that {d i1 } is monotonically increasing and {d 
Case II: The coefficients of Θ ′ i are not in a fixed DCC set. Thus by relabeling indices if necessary we may assume that {d ′ i1 : i ≥ 1} is not contained in a DCC set. Then going to subsequences with common indices we may assume that {d ′ i1 } is strictly decreasing and {d i1 } is monotonically increasing. Note that in this case we can only say that (1
Log canonical thresholds in dimension two and three
In this section we prove some results on the log canonical thresholds in dimension two and three and some other ACC-type results in positive characteristic over arbitrary fields. Remark 6.2. Here we do not fix the base field k, i.e., the base field k may vary as the surfaces vary.
Proof. This theorem is proved for surfaces defined over algebraically closed field in [Bir16c, Proposition 11.2] . In what follows we show that a similar argument works over arbitrary fields.
By contradiction assume that there is a sequence of log canonical pairs (X i , ∆ i ) of dimension 2 and effective R-Cartier divisors M i ≥ 0 with coefficients of ∆ i in I and the coefficients of M i ∈ J such that t i := lct(M i ; (X i , ∆ i )) forms a strictly increasing sequence of real numbers. Now there are two cases based on the dimension of the log canonical centers.
Case I: For infinitely many i, (X i , ∆ i + t i M i ) has a log canonical center of dimension 1 contained in the Supp M i . In this case by going to an infinite subsequence we may assume that for all i ≥ 1, (X i , ∆ i + t i M i ) has a log canonical center of dimension 1 contained in the Supp M i . In particular, one of the coefficients of ∆ i + t i M i is 1 for every i. Let ∆ = a ij D ij and M i = b ij E ij . Without loss of generality assume that a i1 + t i b i1 = 1. Since {a i1 } and {b i1 } are contained in DCC sets, by going to subsequences with common indices we may assume that {a i1 } and {b i1 } are both monotonically increasing. Then from t i b i1 = 1−a i1 we see that the left hand side is strictly increasing sequence, while the right hand side is a monotonically decreasing sequence, hence a contradiction.
Case II: For infinitely many i, (X i , ∆ i + t i M i ) has a log canonical center P i of dimension 0 contained in the support of M i . By going to an infinite subsequence we may assume that for all i ≥ 1, (X i , ∆ i + t i M i ) has a log canonical center P i of dimension 0 contained in the support of M i . Let f i : Y i → X i be a dlt-model of (X i , ∆ i + t i M i ) (see Theorem 4.3). Then there is an exceptional divisor E i of discrepancy −1 which intersects the strict transform of M i and f i (E i ) = P i . Write
Since the coefficients of M i are in a DCC set and t i is a strictly increasing sequence, it is easy to see that the coefficients of t i M i are contained in a DCC set. Thus the coefficients of ∆ i + t i M i are in a DCC set by Lemma 2.7, part (4); in particular the coefficients of Γ i +E i are in a DCC set. Since (Y i , Γ i +E i ) is dlt, E i is a regular curve by [BCZ18, Lemma 3.4]. Then by adjunction we have
, and the coefficients of Γ E i are in a DCC set by Proposition 2.8.
, where X i is defined over k i . This implies that deg ℓ i K E i < 0. Thus by Lemma 5.1 E i is a conic, and deg ℓ i K E i = −2. Then by Proposition 5.4 the coefficients of Γ E i are contained in a finite set, say (1) X is a projective variety of dimension 2 over k, (2) (X, ∆) is log canonical, (3) the coefficients of ∆ belong to I, and (4) K X + ∆ ≡ 0, then the coefficients of ∆ belong to I 0 .
Theorem 6.4. Fix a DCC set I ⊆ R ≥0 . Then there exists an 0 < ε < 1 with the following properties: If (S, Θ) and (S, Θ ′ ) are two Q-Gorenstein log pairs of dimension 2 over some arbitrary fields such that the coefficients of Θ belong to I, and
then (S, Θ) is log canonical if and only if (S, Θ ′ ) is log canonical. Moreover, if all the surfaces are defined over some fixed algebraically closed field k = k and (S, Θ ′ ) is log canonical and
Remark 6.5. In the first part we do not fix the base field, i.e., the base field may vary as the surfaces vary.
Proof. First note that if (S, 0) is not log canonical, then the above statement is vacuously true. So assume that (S, 0) is log canonical. Now consider the log canonical thresholds of the pairs (S, 0) with respect to ∆ with coefficients of ∆ in I. By Theorem 6.1 these log canonical thresholds satisfy the ACC. Thus there exist an ε ′ > 0 such that the open interval (1 − ε ′ , 1) does not contain any log canonical threshold. Fix an ε > 0 such that 0 < ε < ε ′ . Let (S, Θ) and (S, Θ ′ ) be two log pairs with coefficients of Θ in I and (1 − ε)Θ ≤ Θ ′ ≤ Θ. Clealy if (S, Θ) is log canonical, the so is (S, Θ ′ ). So assume that (S, Θ ′ ) is log canonical. Then (S, (1 − ε)Θ) is log canonical. Therefore lct((S, 0); Θ) ≥ 1 − ε > 1 − ε ′ . Since the interval (1 − ε ′ , 1) does not contain any log canonical thresholds, lct((S, 0); Θ) ≥ 1; in particular (S, Θ) is log canonical.
For the second part by contradiction assume that the conclusion is false. Then there is a strictly decreasing sequence {ε i > 0} with lim ε i = 0 which satisfies the following properties: For each i ≥ 1, there are log canonical pairs (S i , Θ i ) and (S i , Θ ′ i ) such that the coefficients of Θ i belong to I and
We remark that the rest of the proof works exactly as in the proof of Theorem 5.7 by replacing the use of Proposition 5.4 by Theorem 6.3 and noticing the fact that the dimension of the ambient varieties were never used in the proof of Theorem 5.7.
Theorem 6.6. Let k be a fixed algebraically closed field of characteristic p > 5, and I ⊆ R ≥0 a DCC set. Then there exists an 0 < ε < 1 with the following properties: If (X, Θ) and (X, Θ ′ ) are two Q-factorial log pairs of dimension 3 over k such that the coefficients of Θ belong to I, and
then (X, Θ) is log canonical if and only if (X, Θ ′ ) is log canonical.
Proof. A similar proof as in the proof of the first part of the Theorem 6.4 works here by noticing the fact that the ACC for log canonical thresholds is known for 3-folds defined over an algebraically closed field of char p > 5 due to Birkar, [Bir16c, Theorem 1.10].
Theorem 6.7. Fix a DCC set I ⊆ R ≥0 . Let A be the collection of log pairs (X, ∆) of dimension at most 3 satisfying the following properties:
(1) if the dimension of X is at most 2, then they are all defined over arbitrary fields and X is Q-Gorenstein. (2) if dimension X is 3, then X is defined over some fixed algebraically closed field k = k or char p > 5, and X is Q-factorial, (3) (X, ∆) is log canonical, and (4) the coefficients of ∆ belong to I, then there exists an 0 < ε < 1 satisfying the following properties: If (X, Θ) and (X, Θ ′ ) are two log pairs such that the coefficients of Θ belong to I and
then (X, Θ) is log canonical if and only if (X, Θ ′ ) is log canonical. Moreover, if dim X ≤ 2, (X, Θ ′ ) is log canonical and K X + Θ ′ ≡ 0, and X is defined over some fixed algebraically closed field k = k whenever dim X = 2, then Θ ′ = Θ.
Proof. It follows from Theorem 5.7, Theorem 6.4 and Theorem 6.6 by choosing the minimum of three values of ε > 0.
Main Theorem
First we prove the following main technical result.
Theorem 7.1. Fix an algebraically closed field k of characteristic p > 5, and a DCC set I ⊆ [0, 1]. Let D be the set of all klt pairs (X, ∆), where X is a projective 3-fold, K X + ∆ ≡ 0, ∆ is big and its coefficients belong to I. Then there exists a constant 0 < ε < 1 satisfying the following properties: If Φ ≥ 0 is an effective R-divisor such that K X + Φ ≡ 0 and Φ ≥ (1 − δ)∆ for some 0 < δ < ε and (X, ∆) ∈ D, then (X, Φ) has klt singularities.
Remark 7.2. The statement above and its proof given below are both based on the proof of Lemma 6.1 in [HMX14] . However, we note that our poof is significantly more involved than that of [HMX14] , having to do with the failure of Bertini's theorem for base-point free linear systems and other related results in positive characteristic. In a key argument in the proof of [HMX14, Lemma 6.1], the authors reduce the problem to a Mori fiber space g : Y → Z and then restrict everything to the general fibers of g which reduces the problem to a lower dimension. We face several challenges at this stage in positive characteristic. The first problem is that in positive characteristic the general fibers F of a given fibration may have very bad singularities, they could in fact be non-reduced schemes, even if the fibration is a Mori fiber space; this completely destroyes the hope of using general fibers. On top of that, even if we know that the general fibers F of g : Y → Z are reduced, irreducible and normal varieties, we still can not guarantee that F has good MMP singularities via adjunction from Y ; this has to do with the failure of generic smoothness for fibrations in positive characteristic. In order to circumvent these issues, we work with the generic fiber Y η of g : Y → Z instead of general fibers F . The generic fiber Y η is now a normal integral scheme over the function field K(Z) of Z. However, this comes with a new set of challenges, since Y η is defined over K(Z) which is an imperfect field, lots of standard results are either not known for varieties over imperfect field or they are known to fail. Fortunately, in the recent years lots of progress has been made towards understanding the birational geometry of surfaces over imperfect fields, especially the minimal model program, mostly due to Tanaka, see [Tan18] . We are able to use his results to our advantage to prove some ACC-type results for surfaces over arbitrary fields (see Section 6). In our proof we also have to deal with curves over imperfect fields and we need various ACC-type results on them as well, which are developed in Section 5.
Proof of Theorem 7.1. We fix an 0 < ε < 1 as obtained in the Theorem 6.7. Now by contradiction assume that there is a pair (X, Φ) such that Φ ≥ (1−δ)∆ for some 0 < δ < ε, K X +Φ ≡ 0 and (X, Φ) is not klt. Note that Φ > (1−δ)∆, since (X, ∆) is klt, and Φ is also big, since ∆ is. Now we want to modify Φ so that (X, Φ) becmomes log canonical but the other properties of Φ are preserved. If (X, Φ) is already log canonical, then there is nothing to do. So assume that (X, Φ) is not log canonical. Then by Lemma 3.6 there exists a λ ∈ (0, 1) such that (X, (1 − λ)∆ + λΦ) is log canonical but not klt. Observe
Thus by replacing (1 − λ)∆ + λΦ by Φ we may assume that (X, Φ) is log canonical but not klt. Let f : Y → X be a dlt-model of (X, Φ), whose existence is guaranteed by [Bir16c, Theorem 1.6]. We write
where ⌊Ψ⌋ = S i and a i < 1 for all i, and Γ ≥ 0 is an effective R-divisor such that Supp Γ ⊆ Supp(f Let φ : Y W be induced birational map. Since K Y + Ψ ≡ 0, every step of this MMP is S 1 -positive, in particular, φ * S 1 is g-ample and hence φ * S 1 is not contracted by g. Observe that since K X + Ψ ≡ 0 and K Y + Γ + a i S i ≡ 0 (as K X + ∆ ≡ 0), these relations are preserved at every step of the (K Y + Ψ − S 1 )-MMP and eventually we have K W + φ * Ψ ≡ 0 and K W + φ * Γ + a i φ * S i ≡ 0; this follows from [KM98, Theorem 3.7(4)] which in our case can be obtained from the cone theorem and base-point free theorem as in [BW17, Theorem 1.1 and 1.2]. It also follows from [KM98, Lemma 3.38] that (W, φ * Ψ) is log canonical, however, note that it is not necessarily dlt.
Next we want to establish an inequality that Ψ > (1 − ε)Γ + S i ; this we will be used heavily in the rest of the proof. To that end we first show that Γ = 0. Indeed, if Γ = 0, then Supp(f
this implies that every component of ∆ appears in Φ with coefficient 1. In particular, Φ > ∆; but then Φ ≡ ∆ implies that Φ = ∆, which is a contradiction, since (X, ∆) is klt and (X, Φ) is not klt. Therefore Γ > 0, and then from the inequality Φ > (1−ε)∆ and (7.1) and (7.2) it follows that Ψ > (1−ε)Γ+ S i .
In the following discussion we separate three cases based on the relative dimension of g : W → Z. However, first we claim that we may assume that φ * Γ is not contracted by g : W → Z. Indeed, if φ * Γ is contracted by g, then φ * Γ ≡ g 0, since ρ(W/Z) = 1. Again since ρ(W/Z) = 1, any non-zero effective divisor on W which is not contracted by g is g-ample. In particular, from the discussion above it follows that φ * S i is g-ample. Then
, since a i < 1 for all i. But then we have K W + φ * Ψ ≡ 0 and ⌊Ψ⌋ = S i , which is a contradiction. Therefore we may assume that φ * Γ is not contracted by g : W → Z in the following discussion. 
Since (Y, Ψ) is log canonical by Lemma 3.5 and Ψ > (1 − ε)Γ + S i , (Y, (1 − ε)Γ+ S i ) is also log canonical. Then from (7.3) and Theorem 6.7 we get that (Y, Γ + S i ) is log canonical. In particular, then (Y, (1 − η)Γ + S i ) is log canonical. Now observe that the coefficients of Γ+ S i are contained in I∪{1}, which is a DCC set, hence by Theorem 6.
Case II: Relative dimension of g : W → Z is 2. Let F be the generic fiber of g. Then replacing Y, Γ and Ψ by F and the restriction of φ * Γ and φ * Ψ to F , may assume that Y is a normal Q-factorial surface over an imperfect field ℓ = K(Z), where K(Z) is the function field of Z (see Lemma 3.4 and 3.5). We note that S 1 is an ample divisor, Γ is a non-zero effective divisor (hence ample), and H 0 (Y, O Y ) = ℓ and the Picard number ρ(Y ) = 1 (see [Tan15, Lemma 6 .6]). We also note that (Y, Ψ) is a log canonical pair by Lemma 3.5.
Since Y is a surface let's rename S i 's by C i . Then C 1 is ample on Y . Furthermore, since ρ(Y ) = 1, any non-zero effective divisor is ample; in particular C i is ample. Thus K Y + Γ + C i ≡ (1 − a i )C i is ample, since a i < 1 for all i. Since Ψ > (1 − ε)Γ + C i , K Y + Ψ ≡ 0 and ρ(Y ) = 1, there exists an 0 < η < ε such that K Y + (1 − η)Γ + C i ≡ 0. We also note that (Y, (1 − ε)Γ + C i ) is log canonical, since (1 − ε)Γ + C i < Ψ. Let C n 1 → C 1 be the normalization morphism. We have the following adjunction equations
+ Θ 2 , and (7.4b)
Note that a priori it is not clear whether the coefficients of Θ are in the DCC set D(I ∪ {1}), since we don not know wether (Y, Γ + C i ) is log canonical or not. In particular, some of the coefficients of Θ could potentially be larger than 1. However, we claim that (Y, Γ + C i ) is indeed log canonical, and thus by Proposition 2.8 the coefficients of Θ are in the DCC set D(I ∪ {I}). The proof goes as follows: we have the following inequalities
Since (Y, (1 − ε)Γ + C i ) is log canonical, by Theorem 6.7, (Y, Γ + C i ) is log canonical.
Now from (7.4) we get that
where the first inequality follows from the fact that the coefficients of Θ belong to D(I ∪ {1}) and the following inequality Now by adjunction (see Lemma 2.9) (C n 1 , Θ 1 ) is log canonical. Since the coefficients of Θ are in a DCC set, by Theorem 6.7 (C n 1 , Θ) is log canonical; in particular (C n 1 , Θ 2 ) is log canonical; hence again by Theorem 6.7, Θ 2 = Θ, since K C n 1 + Θ 2 ≡ 0. But this is a contradiction, since K C n 1 + Θ is ample, as it is the pullback of an ample divisor by finite morphism.
Case III: Relative dimension of g : W → Z is 3, i.e., dim Z = 0. Then replacing Y, Γ and Ψ by W, φ * Γ and φ * Ψ we may assume that Y is a projective 3-fold over the algebraically closed base field k, Picard number ρ(X) = 1 and S 1 is an ample divisor on Y and Γ is a non-zero effective divisor (hence ample). Now since ρ(Y ) = 1, every non-zero effective divisor is ample. In particular, K Y + Γ + S i ≡ (1 − a i )S i is ample, since a i < 1 for all i. Also, since K Y + Ψ ≡ 0, Ψ > (1 − ε)Γ + S i and ρ(X) = 1, it follows that there exists 0 < η < ε such that K Y +(1−η)Γ+ S i ≡ 0. We note that (Y, (1−ε)Γ+ S i ) is log canonical, since (1 − ε)Γ + S i ≤ Ψ. Let S n 1 → S 1 be the normalization morphism. We have the following adjunction equations
+ Θ 2 , and
As in the proof of Case II using Theorem 6.7 we see that (Y, Γ + S i ) is log canonical; in particular the coefficients of Θ are in the DCC set D(I ∪ {1}) by Proposition 2.8. The rest of the arguments are verbatim to the Case II via Lemma 3.7 and Theorem 6.7.
Proof of Theorem 1.3. Let ε > 0 be a constant given by Theorem 7.1. We claim that vol X (−K X ) = vol X (∆) ≤ 27 ε 3 for all (X, ∆) ∈ D.
By contradiction assume that there is a (X, ∆) ∈ D such that vol X (X, ε∆) > 3 3 . Since the volume is a continuous function (see [Laz04, Theorem 2.2.44]), we have vol X (η∆) > 3 3 for some 0 < η < ε. Note that (X, (1 − η)∆) klt, since (X, ∆) is klt. Let x ∈ X be a smooth closed point of X contained in the support of ∆. Then by Lemma 3.3 there exists an effective R-divisor Π passing through x such that Π ∼ R η∆ and (X, (1 − η)∆ + Π) is not klt. This is a contradiction to Theorem 7.1, since 0 < η < ε.
Proof of Corollary 1.4. The proof follows immediately from Theorem 1.3.
